SOLUTIONS TO EXERCISES 1-9

1. Dominance order. Recall that the dominance order (>) on the set {\ - n} of partitions
of size n is defined by A > pif \y +---+X; = py +-- -+ p; for all « > 1. This is a total order
for n < 5 and a partial order for all n > 6. Show that A > p if and only if X < u'.

Solution. Proceeding by contradiction, assume that A > p but A £ /. Then there exists a
smallest positive integer ¢ such that A} +---+ X, > pj +- - -+ p;. To pass from this inequality
for the area of the first ¢ columns of A\ and u to an equality for the rows, notice that since
|A| = |u| we also have

(1) Nipr + Nigo - < g + g+

As is easily seen from the figure

Npr it Hip1 T ot
A= =
it follows that
j 1
AN =) (N —1) and it e =) (e —1).
i+1 i+2 k /‘Ll-i-l lu’H‘Q ,LLk
k=1 k=1
Hence (1)) can also be expressed as
X Hi
S 0w 0) < 30
k=1 k=1
The minimality of ¢ implies that A\, > u}, so that
1 A I
D k=) <> (A=) <> (e — ).
k=1 k=1 k=1

Including the ¢ x p! rectangle on both sides, we obtain the following inequality for the area
of the first p, rows of A and p

1 %
k=1 k=1

This contradicts the fact that A > pu.
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2. The centralizer of the symmetric group. Show that
Zy = Hzm m;! = |Zwl,
i>1
where m; = m;() is the multiplicity of ¢ (the number of parts equal to i) in A\, w € S, has
cycle type A (i.e., w has m; cycles of length i), and Z,, is the centralizer of w.

Solution. Conjugation of elements of S,, does not change their cycle type (the conjugacy
classes of S, are formed by the permutations of the same cycle type). Specifically, if
W=(C1, s Chy )(Chyats vy Chy) v (Clpya1y-veyChy)

(where k, := n) then

Twn— ! = (Teys - - - ’Wch)(ﬂ%ﬁw . ,chQ) o (chT_1+1, . ,chr).

For example, if w = (13)(264)(5) € Sg (in one-line notation w = (361254)) and 7 =
(145)(263) (in one-line notation 7 = (462513)), then 7' = (154)(236) (in one-line nota-
tion 7! = (536142)) and thus

Twr L= (7T1, 7T3)(7T2, 6, 7T4)(7T5)
= (42)(635)(1)
(1)(24)(356)

(in one-line notation mwr ! = (415263)). Pictorially

For 7 to be in Z,, we require Twn ' = w. In other words, 7 can permute the cycles (of w)

of fixed length and/or cycle each cycle as in (abc...z) — (rs...zab...q). If there are m;
cycles of length ¢ in w it thus follows that

|Zo| = [T i mal.

i1



3

3. Gaussian polynomials. Let n, m be nonnegative integers. Then the Gaussian polyno-
mials or g-binomial coefficients are defined as

@) [";’”} Ll

)\g(mn)
Here the sum is over all partitions A that fit in a rectangle of height n and width m, i.e.,
partitions A such that \; < m and [(\) < n.

(a) Show that
(i) [2] =1 (initial condition);

(ii) [”+m] = [”+m] (symmetry);

m n

(i) ["T™] = [”Jr;’z*l} +qn [ =@ [T + [P (g-Pascal identities).

m—1 m m—1

(b) Show that
n+m ~ [n+k—1
3 = )
® el
k=0
Remark. One similarly shows the ¢g-Chu—Vandermonde or Durfee rectangle identity
[n + m} _ i g1EHR) {m - k} [n t k}
m — 14 4k
where k is an arbitrary integer, and £ = 0 corresponds to the Durfee square identity.
(The Durfee square of a partition is the largest square contained in its diagram.)
(c) Use (a) to construct the first six rows of the g-Pascal triangle and check that [}]
computed this way matches the definition .

(d) Let (a;q)n = (1—a)(1—aq) - - - (1—a¢™ ') denote a g-shifted factorial or g-Pochhammer
symbol. Use (a) to show that

{n} _ @ m
m (@ Dm
(e) Let [n)=(1—-¢")/(1—q)=1+q+---+q¢" " and [n]! = [1][2]...[n]. Show that

= - G)

(a) (i) The only partition contained in a rectangle of zero width is the empty partition 0.
(ii) Replace the summation index A € (™) by X' € (m™) and use |A| = |N].
(iii) For the first recursion, we dissect the sum according to the length of A\. The
term ["J“T”nl_l} corresponds to the generating function of partitions of length at most

n — 1 (those partitions fit in an (n — 1) x m rectangle) and the term ¢"["""™ ']

Solution.



corresponds to the generating function of partitions of length exactly n. Since the

diagram of such partitions has a first column of height n (contributing ¢" to the

generating function), after stripping off this column we are left with a partition that

fits in an n x (m — 1) rectangle, which contributes [*/™ '] to the generating function.
The second recursion follows from (ii) or by carrying out a dissection according to
A <mand A\ =m

(b) Note that part (iii) of (a) holds for all integers m if we define ["7™] := 0 for m a
negative integer. To obtain we may either iterate the second recursion in (iii),

which implies that

n+m| |n+m-—K-—1 o Int+k—1
R R i oD ST (R
k=m—-K
for all nonnegative integers K. (For K = —1 the above is also true but tautological.)

Choosing K = m yields . Equivalently, conditioning on the value of \; we may
write the sum in as

Zm: > M =Zm:q’“ > M szjq’“{wrk_l}.
k=0 AC(m™) k=0  AC(kn—1) k=0 k
(r

(For the Durfee rectangle identity fix k£ and similarly condition on the largest rectangle
(€ + k)*) C (m™) that fits in \.)

(c) Use part (iii) of (a) to construct rows n+m = 0,1,...,5. Let us label the left-pointing
arrow by the factor ¢" and omit the factor 1 for the arrows going to the right:

+q + ¢ , +¢° +q
q
Ny
1+q+2q
1+q+q

+2¢°+2¢*
+¢*+q' 5 6
+q +4q
(d) Tt suffices to check that the right-hand side with n — n+m obeys the initial condition

(i) and the g-Pascal recurrence (iii) from (a).
(e) This follows in a straightforward manner from (d).



4. Plethystic notation. The aim of this question is to prove the g-binomial theorem
a; az;q)so
k>0 (Qa q)k (Zv Q)oo
using symmetric functions and plethystic notation. There are many alternative proofs, some
of which are simpler, but hopefully this demonstrates the power of plethystic manipulations.

(a) To get a better feel for show that, for n a nonnegative integer, it implies
(i) the g-binomial expansion

n—1

; e m w2 = T (w + '2);

1=0

(i)

2 [nJrZ_l}Zk: (2;1Q)n'

k>1
Remark. One can use (i) to prove Jacobi’s triple product identity

k
> (=251 = (2:9)e(/2:0) (03 9)oe
k=—o00
by replacing n + 2n followed by k — k 4+ n and using
—n _(nt1 n
(67" @)an = 43 (=2)" (51 @)ula/ % ).
The triple product identity plays a key role in the theory of elliptic functions, and is
the simplest example of a denominator identity for affine Kac—-Moody Lie algebras,
corresponding to Agl) (affine sly).
(b) To prepare for the proof of use plethystic notation to show that the generating
function o.[X] == Y, he[X] 2* satisfies
(i) 0.[X + Y] = 0.[X] 0.[Y] and thus he[X + Y] = S5 bl X] e [Y];

)

(ii) 0.[1] = <& so h,[1] = 1;

11—z

(iii) o.[1%] = (az}q)m .

(¢) Now prove (4) by showing that both sides are equal to oz[ﬁ].
Hint. For the left-hand side of argue that it suffices to check equality with Jz[}%;]

for a number of suitably chosen values of @ and use part (b) to manipulate the alphabet
on which h, acts to recognise ({3).



Solution.
a) (i) Replace (a, z) — (¢~™, 2¢" /w) where n is a nonnegative integer. Multiplying bot
i) Repl "ozq" h i ive i Multiplying both
sides of the resulting identity by w”, the result follows since
(4" D ::q(g)+nk[n}'
(a3 @)x k
(ii) Replace a — ¢" and use that (¢™; q)x/(q; q)x is 1 for k = 0 and [Hz_l] for k > 0.
(b) (i) Since log o.[X] = ¢.[X] =} ., pelX] o7 we have

0. [X + Y] = ¥ XY] = X100 = 6 (Xo, [Y].

Equating coefficients of 2" the convolution formula for A, follows.
(ii) Note that for X = 3.,

o[ X] = H 1 —12%-'

1>1

Hence, if X = z is a single-letter alphabet o,[z] = 1/(1 — zz). The special case were
this letter is 1 gives (ii).
(iii) Recall that 1/(1 —¢q) =14 ¢+ ---. Hence

a 1 1
=gl i l-ag™t (az1q)

=

(¢) To prove the g-binomial theorem ({4]) we first note that, since 0,[X —Y| = 0.[X]/0.[Y],

(az;q) oo [ 1 a } [1 - a}
——— =0, — =0, )

(25 @)oo l—q 1-¢q l—q
The g-binomial theorem is thus equivalent to

I A |

o (G Dk 1—¢q

Equating coefficients of z* yields

(a; q) l-a
(%;::h%l—q}

where £ is an arbitrary nonnegative integer. Since both sides are polynomials in a of
degree k, it suffices to prove the above for a = ¢, where n is an arbitrary nonnegative
integer. That is, we must prove

@9k, T1—¢"
(%@k_h%

— | =hi(1l,q,...,q9").
1_qi| k(7Q7 7q)



For n = 0 this is obvious so we may assume that n > 1 in the remainder. Then

Ny {1 - 61”1} [n +k— 1} (" O
ghi|—t—| = = Lk
— 1—gq k (¢ @)

Here we recognised the sum which, together with the initial condition at & = 0,
characterises the Gaussian polynomials.
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5. The Hopf-algebra structure of A. In this exercise we examine the algebraic structure
of the ring of symmetric functions. All tensor products are over K = Z.

(a)

()

Show that A is a commutative (unital associative) K-algebra with the usual product
m: AQA — A, f[X]g[Y] — f[X] ¢[X] in plethystic notation, and unit e: K — A
defined by 1 —— 1[X] = 1 extended K-linearly.

This structure can be nicely captured using string diagrams. Think of ‘time’ as
increasing upwards, and depict (note that K is not drawn)

m A e b . ><

with v: A® A — A ® A the permutation f[X]g[Y]+— f[Y]g[X] = g[X] f[Y]. The
axioms of a (unital associative) algebra and commutativity then take the form

A QRN

For example, the left-most diagram encodes A = A ® K e A@A 2 A. Such an

equality of string diagrams is often alternatively expressed as a commutative diagram.
Show that A also is a cocommutative (counital coassociative) coalgebra, with co-
product u: A — A ® A given by f[X] — f[X + Y] and counit e: A — K,
f[X] = f[0]. Here the axioms are given by flipping all diagrams in ({5)) upside down

and interpreting
(L KH , £: T .

Do this using plethystic notation as well as by explicit computations for the power-
sum basis py.

Remark. Elements f € A whose coproduct satisfies u(f) = f ® 1+ 1® f, such as the
power sums p,., are called primitive.

Show that the preceding structures are compatible, making A a bialgebra: p and e
are algebra homomorphisms (equivalently, m and e are coalgebra morphisms),

ATl 200

Show that the bialgebra-structure of A extends to that of a Hopf algebra, with an-
tipode S: A — A, f[X] — f[—X] extended as an (anti)homomorphism. Here the



latter, depicted, say, as

|

S + , must obey = =

T

Again do this using plethystic notation as well as by explicit calculation on the power-
sum basis p,.

Remark. Viewed as equipped with this structure, A is commonly denoted by Symm.
Remark. Quantum integrability is related to quantum groups, which are sometimes
defined as Hopf algebras that are quasitriangular, i.e., cocommutative up to conju-
gation by an invertible element of the tensor product of the Hopf algebra with itself,
called the R-matrix, that behaves in a certain nice way under y ® id and id ® p to
guarantee it obeys the Yang—Baxter equation. Cocommutative Hopf algebras, such
as A, are either viewed as boring examples (R = 1®1) or excluded from the definition
of a quantum group.

(e) Show that A is self dual with respect to the scalar product on A ® A given by
(AIX] Y], fo[X] YD = (f1[X], LIX]){(91]Y], 2[Y]) where the right-hand side
features the Hall scalar product on A. That is, the algebra and coalgebra struc-
ture of A are dual in the sense that (f[X + Y], g[X]|h]Y]) = (f[X], g[X]h[X]) and
(fl0],n) = (f[X],n1[X]), where the scalar product on K is given by multiplication.

Solution.
(a) These are just the properties of the usual product.
(b) For the counit,
(i) [IX +Y] = f0+ Y] = Y] = IX] = J[X +0] = (d <),

where X and Y are arbitrary alphabets.

Coassociativity is clear since f[X + (Y +2)] = fl(X +Y) + Z].
Cocommutativity is clear since f[X + Y] = f[Y + X].

On the power-sum basis the coproduct acts by sending p,[X] to

X +Y] =] pn X + Y] = [ [oaX] +pa[Y])

i>1 =1

= Z P, [X]pe[Y],

»(1) 7,/(2)
yDup@=x

from which cocommutativity follows. Alternatively, from the lectures,

ZPA[X] = o1[X],

22\
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so that

ZM[XZ—;H/] = 01[X 4+ Y] = o1[X]ou[Y],

from which cocommutativity again follows.
For the counit,

pal0] = HPA,- 0] = dix),0 = a0

so that € ® id forces () = 0. Hence v® = X. The second half follows by cocommu-
tativity.

For coassociativity, note that the set of all triples of partitions v, vV 1(22) guch
that v U (@D Up(22)) = X is equivalent to the set of all triples vV, p(12) (%) such
that (v(D Up2) U@ = X

For [(A\) = 1, A = (r), say, the coproduct of p, is p.[X + Y] = p,[X] + p.[Y], so that
w(pr) = pr ®1+1® p.. The power sums p, are thus primitive as per the above
remark.

Clearly

FIX]glY] == FIX] g[X] = f[0] g[0] = (e @ &) (f[X] g[Y]).

Next, (1) = 1® 1 as A = 0 implies that v = v = 0. Alternatively, 1[X + Y] =
1[X] 1[Y] since py = 1 is the constant function.
We check the last axiom on the power-sum basis of A. Let us first consider primitive
elements. The string diagram on the left gives the coproduct of p, ps = p(yus). This
matches the result of the diagram on the right:

s

Pr@ps— (P, R1+1Rp,) R (ps ® 14+ 1@ py)

g ) @ ®1®1l+p, 11O +1Rp P @1 +1R1®p, @ py
m®m

> DrDs @1+ p @ps +ps @pr + 1 Q prps
= > po®pe, A= (r) U (s).

V(I)UU(Q):)\

In general let A(Y and A® be two partitions. The string diagram on the left gives

A [X]pa@ [Y] 5 pao [X] pao [X] = proroae [X] - paouae [X + Y.
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This matches the result from the diagram on the right:

P [X]pao [Y] E2E pyon [X + X' pro [Y + Y]
= Z YZYERD) [X] P2 [X/] Py [Y] Pu22) [Y/]

(6D Uy (i:2) =) (3)

id id
o Y. penXIpen[XpoalY]peslY]

(6D Uy (i:2) =) (3)

m Z by [X] P2 [X] P2 [Y] P22 [Y]

v (1) Up(i,2) = \(3)

= Z P [X]p,o[Y]

y(l)Uy(2) =\

A= A0 U@,

where the final equality uses that the set of all subsets vV (which determines v(+?))
of \; (viewed as a list, not a diagram) for i = 1,2 separately is the same as the set of
all subsets v of A = A UA®),

(d) By (co)commutativity it suffices to check the first equality:

FIX] 5 FIX 4+ V]S F=X + Y] f=X + X = f[0] = f[0] 1[X].

Equivalently, on power sums,
S =5([Ten) =T15wa) = 0V,
where the ordering is irrelevant by commutativity. Thus

px Z Pyt @ Py

y(l)Ul/(2):A

S@id e
=Y D pw @pe

V(I)Uy@):A

e
S (D py = 0.

y(l)Uy(z) =\

E

Here the last equality uses that there are (l(,;\)) possible v with [(v()) = k, whence

1A

> 0 =3 (W) 0 = 14 ) = e = o,

vMup@=X k=0
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(e) Again compute with power sums: (p)[0],1) = px[0] = dro = (pa[X], 1[X]), while
(AX + Y], p0[X]puo[Y]) = Z (o[ X] P, Y], 20 [ X] P [Y])

WU =x

= Y (polXLpo X el pueY])
v(Dup(2) =)

= Z Zl:(ll) 0,,(1), (1) Z;é) 0,,(2), ()
v(up(2) =)

=25 0= XL puX]), =M Up®.
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6. Principal specialisation. Recall that the hook-length of a square s = (i, 7) € A is given
by h(s) = A\ +A; —i— j + 1. Show that

n

©) [T a-) =T 5o IT 25

he(N) i=1 1<i<j<n

where 77 (\) denotes the multiset of hook-lengths of A, n is any integer such that n > [(\)
and (a;q)m = (1 —a)(1 —aq) -~ (1 —ag™ ). Use (@) to prove that
W[ gl =) _ Tl

l—¢q [hewn(—q") eyt —d")

where n(A) = >, (i — 1)\ For a = ¢" and [(A) < n this is known as the principal
specialisation formula for Schur functions.

(7)

Solution. Let [ := [(\). Then

n

1—¢git 1 — it 1 — it
H T?Aﬁ-]—z: H 1 — )\q)\-i-szHl_q)fl—i-jz

1<i<j<n 1<i<j<l i=1 j=I+1
B H =g H (@ @)n
1 _ q)\i—)\j—i-j—l (q>\z+l ’L-‘rl’ Q)n—l

1<i<y<l i=1

By (aq™; q)r = (a; Q)r(aq®; @)m/(a; @)m,
( = H_luq)n l _ (ql Z+17q>
(q)\l+l i+1. q) _ (qn7i+1’q> ‘

which shows that the right-hand side of (6]) is independent of n (as long as n > = I())).
Define A\;y; := 0 and partition the diagram of the partition A into (z+ ) rectangles of height
one as follows

A=A

where rows are labelled by i (1 < i < ¢ from top and bottom) and the columns by j
(1 < j <41 from right to left). The rectangle labelled (7, j) has width A\;_; — A;,

j—1

> ot = M) = A= Ao

k=i+1
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squares of in the same row to its right and j — ¢ — 1 rectangles in the same column to the
south. Therefore,

I a-= ][] @009,

he#(\) 1<i<j<i+1
j—i.
H (@7 D ai—n,
pa—n
1<i<j<l+1 (q 3 Q))\,‘—)\j_1

B H1<i<j<l+1(qj_i; Dri-x;

B H1<i<]<l (quiH% Q))\i_/\j

! -
. 1— ¢
— l—i+1.
- H(q 10 H 1= g thn
i=1

1<i<j<l

Both sides of the specialisation formula (7)) are polynomials in a of degree |A|. Hence
it suffices to show the identity for a = ¢™ with n an arbitrary nonnegative integer. But
(1—q¢")/(1—q) =1+q+---+¢"! so that we only need to prove the principal specialisation
formula. If n > [(A\) then both sides trivially vanish, so that without loss of generality we
may assume that [(A) < n. Then, by the definition of the Schur function

s {1 - q"] deti<; jen (gD tn=0))
A - —1 n—j
I—gq H1<i<j<n(qn —q"7)
deticijen(y) )

- n—i _ qn—j >\j+n_j)
H1<i<j<n(q q )

(yj =q

q)\i—i-n—i _ q/\j—i-n—j
- n—i _ n—j
1<icj<n 14 q
Ai—Aj+j—i
— ¢ ] -
1<i<j<n

By @ we arrive at with a = ¢"™.

An alternative proof uses the Jacobi—Trudi identity. Since

h’{l_a] _ (a:9),

1—ygq (¢:9)r
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(with the standard convention that 1/(q; ¢)» = (¢"; ¢)oo/(q; ¢) s Which vanishes for r a negative
integer) we have

1—a 1—a
” [1 - q] ~ 8k (hxi“i [1 - QD
— det ((CL, ))\ +j— z)
1<4,5<l (q’ ))\ +j—i
q)x

_ ( H—l % AiH1—i. Nibjitl,
B r[ (q; q))\z_H_Z 1<Cll,]t<l ((aq ’q)j_l(q 7q)l—j) .

rQ»Q

It is not hard to deform the Vandermonde determinant to

Jet (H(1 —zar) [ (1 —mibk)> = ] (ai—b)(xi—x;)

k=1 k=j+1 1<i<j<n
(Both sides are polynomials in each of the variables of degree n — 1 and vanish when z; = z;
or a; = b; for some 1 < i < j < n. Hence they are the same up to a constant, which is readily
seen to be 1 by Comparlng coefﬁments of (bnxl)”_l(bn 122)" "2+ (byz,_1)*.) Replacing n by
| and choosing z; = ¢, a5 = a¢" ! and by, = ¢* ! yields

det ((anH—l—Z; (])j—l(q)\i-i-]—z-kl; q>l—j> — H (aqi—l . qj—l)(qxﬁ_l_i B q>\j+1—j)

1<i,5<l 1<icj<l
and thus
!
l—a a; Q))\i 1—i i— i 41— 11—
SAL_ } :H(()—+ I (g™ =g (gt —g¥+)
q i=1 q;q)x;+1—i 1<i<j<l
1
n a;q)x;+1—i i—7 i di—i
=q ‘”H—(( : ; — [ —ag)@ -t
=1 q:q)x\;+1—i 1<i<j<l
Since l
I —agd)@—¢ ) =]](aq" " @)izs(q; )i
1<i<j<l i=1
and

(@G- _ 1
(@G Driti—i (@59

|:1 . (Z:| ﬁ — H 1 — q>\i_>\j+j_i
_ l i+1. _ )t
1—gq (g 7Q>>\1 s 1T
_ qan(m‘)eA(l - qjhl).
Hhe%()\)(l —q")

1—2

(aq" ™5 @)1 (a; @)xr1-s = (ag" 59,

this is also
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7. Inverse branching rule. According to the branching rule for Schur functions,

) X1 =3 5]

H=A

Prove the combinatorial identity

9) > (- =gy,

M/_<)\/
u=v

and use this to show that
X 1) = 37 ()M, ).
=<\
For example
sEnX — 1] = s@n[X] = 5@ [X] = sy [X] + 5@ [X].

Solution. It is clear that both sides of @D vanish unless ¥ C A and that the identity trivially
holds for v = A. We may thus assume in the remainder that v C A (strict inclusion).

Since A/p is a vertical strip, there is a smallest admissible u, say fimin, given by pl . =
(A5, A5, ...). Any p such that pmm € u C A gives a vertical strip A — p. For example, if
A= (8,8,5,3,2,2,2,1,1) then N = (9,7,4,3,3,2,2,2) so that . = (7,4,3,3,2,2,2) and
hence pimin = (7,7,4,2,1,1,1).

Since p/v is a horizontal strip there is a largest possible p, say fimax, given by fimax =
(A1, V1,0, ... ). Any p such that v C p C piyay gives a horizontal strip p/v. For example, if
v=(7,4,3,2,1,1) and X as above then py.x = (8,7,4,3,2,1,1).

From the above it follows that we must prove that

E (_Z)W/Hmin‘
Hmin gﬂg,ufmax

vanishes for all v C A when z = 1. If ppin € fimax then the sum is empty. This happens
when any of the parts of v are less than that of vy, = ((Mmjn)g, (Hmin)3, - - - ). For A as above
Vmin = (7,4,2,1,1,1). For v such that vy, C v C A it follows that fimax — fmin has at most
one box in each row and column, and has et least one box. Thus

Z (_Z)l.u‘/#min| — (1 _ Z)|,U‘max/l-’“min|7

Hmin gﬂgﬂmax

which has the desired vanishing property.
For A and v as in the example the set of admissible partitions p is

{(77 7’ 47 27 17 17 1)7 (87 77 47 27 17 17 1)7 (77 77 47 27 27 17 1)7 (87 7747 27 27 17 1)7
(7,7,4,3,1,1,1),(8,7,4,3,1,1,1),(7,7,4,3,2,1,1),(8,7,4,3,2, 1, 1)}
and if we change v to vy, then this reduces to

{:umina :umax} = {(77 77 4a 27 17 17 1)a (87 77 47 27 ]-a ]-7 1)}



Now

ZSV —1 (5)\,,
= ZSV —1] Z (—1)/wl

<N
u=v
— Z (—1)A/u Z s, [X —
<N v=p
_ Z I/\/ul
w=<N

where the last equality follows from the branching rule ().

17
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8. Kostant’s multiplicity formula. Kostant’s formula is an explicit (computationally
not very efficient; Freudenthal’s recursion formula is much more practical) expression for the
weight multiplicities of irreducible representations of semi-simple Lie algebras, expressing the
multiplicities as an alternating sum over what is known as the ‘Kostant partition function’.
In this question we look at a combinatorial analogue of this formula in the case of gl,,.
Recall that the Kostka number K, counts the number of semistandard Young tableaux of
shape A and weight a, i.e., sy = Zu Ky,my,.

(a) Show that h, = >, K,s\ and thus hy = Z# P\, m,, where Py, =" KK, wil
play the role of Kostant partition function.

(b) Using the RSK correspondence it may be shown that P,z (for a and § (weak) com-
positions) counts the number of matrices with nonnegative integer entries such that
the 7th row-sum is /3; and the jth column-sum is «;.

Count P 1,1,1,1) by listing all pairs of semistandard tableaux contributing to the sum
and by listing the relevant integer matrices.

(c) Use the Jacobi-Trudi formula to show that for p a partition of length n,

Z Sgn(w)K)\,w(u-‘ré)—é = 6)41;

wES,

where § :=(n—1,...,1,0).
(d) For X a partition of length n, prove the Kostant multiplicity formula

Ky = Z sgn(w) Py +8)—6,

wWESy

and use it to compute Ko 1) (1,1,1)-

Solution.

(a) By sy = >, Kyumy, and the fact that {m,} and {h,} are dual bases of A, (sy,h,) =
K. Since the Schur basis of A is self-dual this implies that h, = >, K\.s,.
(b) The relevant pairs of tableaux are

1]1]2][1]2]3] 1[1][1]2] 1[1][1]3]
2 3 2 2

The corresponding three 3 X 2 matrices are given by

O~
—_— o O
— _ O
o O

1
0
1

O = O
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(¢) According to the Jacobi-Trudi formula, for A a partition such that [(\) = n,

S\ — det (h)\ifiJrj)

1<i,g<n

= > sgn(w)hu(ris)-s

wESn

= Z sgn(w) ZKy,w(Ai-&-é)—&Sw

wESn

Equating coefficients of s, the result follows.
(d) We have

Sy = Z SgN (W) hap(rts)—5 = Z pr(xw)fa,umu

wWESy wESy

m

but also sy, = > i Ky, my. The formula for K, immediately follows. Since

2]

1

SSYT((2,1),(1,1,1)) = { ;)

12

al

we have K(31)1,1,1) = 2. This follows from the Kostant multiplicity formula as

Ko, = Pen,ain — Pog),ainy=3—1=2,

since the only matrix contributing to P,

0
0
0

A~

—_ = =

0,3),(1,1,1) 18
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9. Vertex operators. For n an integer define the linear operator «a,, : A — A by

(10) = Y (1,
AR pl+n
A/u=Dborder strip
and
Qusy= Y (=1)teEtig,
s A —n
A/pu=border strip
forn > 0.

(a)
(b)

Show that «,, and a_,, are adjoint with respect to the Hall scalar product on A.
Prove that the «,, satisfy the commutation relations of the Heisenberg algebra, i.e.,
[Oéna am] = nén,fm'

Hint. Use the representation of a partition in terms of its 0/1-sequence/edge se-
quence/code/Maya diagram. For example, the 0/1-sequence of the partition (5,4,4, 1)
is

yOll

O1

<— ...000101110010111...

Iy (w)l(z) = I_ () (w).

Prove that

Pusu= S (1,

A |p|+n
A/u=Dborder strip

Remark. For A, pt n let x,(u) be the character of the irreducible representation of
Sy, indexed by A evaluated at (elements of S, in the conjugacy class indexed by) p.
From (d) and p, = >, xa(u)sy it follows that

)= Y (=1,
TEBST(\,p)

where BST(\, ) is the set of borderstrip tableaux of shape A and weight p, i.e., the
set of tableaux of shape A and weight p such that the u; boxes filled with the letter
¢ form a borderstrip, and where the height of a borderstrip tableau is the sum of the
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heights of the individual borderstrips making up the tableau. This is known as the
Murnaghan—Nakayama rule.
(e) Use (d) to prove
(i) the ‘Pieri rule’
I (2)su[X] = 0:[X]su[XT];
(ii) the ‘branching rule’
[ (2)sa[X] = sx[X +z];
(iii) the skew Schur function identity

Sxau(1s -y zn) = (Di(z1) .. Ty (z) 80, 8-

Solution.
(a) By the orthonormality of the Schur functions with respect to the Hall scalar product,

(—1)beiehtO/m)if X /g1 is a border strip of size n,
<S>\705—n3,u> = <Oén8)\78#> = {
0 otherwise.

(b) Remark. Before sketching the solution using 0/1-sequences, we remark that there are
several much simpler (and less combinatorial) methods for showing the Heisenberg
commutation relations for the «,. One uses fermionic Fock space (or semi-infinite
wedge space) in which «,, may be realised in terms of fermionic creation and annihi-
lation operators ¢, and v} on Z + 1/2 (which satisfy the anti-commutation relations
Ui + i, = 1) as follows «a,, = ZkeZJrl/Z Yr—nf. The other alternative method
uses and the fact that the operator p- : A — A, which act as the adjoint of
multiplication by p,, i.e., (b-(f), g) = (f,png) for f,g € A is given by nd/dp,,. Then,
forn > 1, a, = p; and a_,, = p,. For example, if ) is a partition and p the partitions
obtained from A by removing a part of size n if it exists and 0 otherwise,

[P Pulor = Py (DaP) — Pay (P2)

= pi (p/\U(n)> - nmn(/\)pnpu

= n(mn(A) + 1)px — nma(A)pa

= Nnpy.
More combinatorially, adding a border strip b of size n to a partition changes its
0/1-sequence by swapping a 0 and a 1 a distance n apart (where the 0 is to the left
of the 1):

S 0wl..o— . Tw0. ..
where w represents a word of length n — 1. Moreover, height(b) is exactly the number
of zeros of w. For example, if we go from

|

—
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this corresponds to
...0010010111... — ...0011010011...

with w = 010 so that height(b) = 2. Conversely, removing a border strip b of length
n changes the 0/1-sequence by swapping a 1 and a 0 a distance n apart (where the 1
is to the left of the 0:

1w, = o 0wl ...

To now see what happens if we act with [, a,,] on a Schur function, we shall assume
that n < 0, m > 0and m > —n. (This also implies the casen < 0, m > 0and m < —n
by adjointness. The case of equal sign is similar but simpler.) Replacing n by —n
we thus need to consider a_,a,,s\ and «a,,a_,s, where n,m are both positive and
m > n. By the above description of how adding/removing a border strip affects the
0/1-sequence, we see that in a_,,,s, we first obtain a signed sum of Schur functions
indexed by 0/1-sequences obtained from that of A by carrying out all possible swaps
of (1,0) pairs at distance m and then we replace each of those Schur functions by a
signed sum of Schur functions obtained by all possible swaps of (0, 1) pairs at distance
n. For a,,a_,s\ we proceed in the exact opposite order. The upshot is that any of
the Schur functions arising in the computation of a_,a,,s) and a,,a_, s, is obtained
by carrying out two swaps in opposite direction. In the generic case, a pair of swaps
commutes and simply involves a (0, 1) and (1, 0) pair that do not interact. As a result,
most terms in

(a_nam — ama_n) Sy

trivially cancel. For example, one of the terms obtained by computing a_sa3s(3,13) is
8(372)2

‘ ‘ (1,0)—(0,1) E]:D (0,1)—(1,0) ‘

...010001101 ... ...000011101 ... ...000110101 ...

Exactly the same term is obtained in the computation of aza_353,13), by first swapping
the blue pair and then the red pair:

‘ ‘ (0,1)—(1,0) ‘ (1,0)—(0,1) ‘

...010001101 ... ...010100101 ... ...000110101 ...

However, it is also possible that the two pairs are not independent and a more careful
analysis is required for those. When m > n we can have

o dwleO ..



(12)
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with w a word of length n — 1 and v a word of length m —n — 1. Hence the pair (1, 1)
are a distance n apart and the pair (1,0) are a distance m apart. In the following we
write sgn(w) for the number of zeros in the word w. We can obviously carry out the
sequence of two swaps

o dwle0 .2 sgn(w) sgn(v) ... Owlvl ...~ sgn(v) ... lwOvl ...,

where we first swapped red and green and then green and blue. But if we first want to
act with _,, and then «,, then it is not clear we can obtain the same 0/1-sequence.
It turns out that we need to distinguish two scenarios. The first is

o dwlvOul ...

where u is a word of length n — 1. The sequence of steps remains the same, the
extra ul are just dummies:

o dwloOul L E sgn(w) sgn(v) .. Owlvlul ... &= sgn(v) ... lwOvlul .. ..
But now we also have
S dwlvOul L E S sgn(u) . lwlvlul .. 2 sgn(v) .. lwOvlul ...

Although the colour coding is different, the final two sequences are the same and
hence we again have cancellation. The second scenario is

o dwleOw0. ..

where again u is a word of length n — 1. Once more the sequence of steps remains
the same:

o dwloOu0 . F s sgn(w) sgn(v) .. Owlvlu0. .. &5 sgn(v) ... lwOvlu0. ...
But now we also have
o dwleOu0 . 58 sgn(u) sgn(v) . .. TwOvOul .. =2 sgn(v) ... lwOvlul . . .,

so that cancellation is again guaranteed. There is one case however, when no can-
cellation occurs, namely when n = m. Everything proceeds as before, leading to
cancellation, except for pairs of swaps that are each other’s inverse, as in

0wl A sgn(w) ... lw0 2 L 0wl (type I)

or
w0 s sgn(w) .. 0wl =3 1w0 (type II).

For any partition A the number of pairs of swaps of type I exceeds the number of
swaps of type II by n. Intuitively the excess of swaps of type I over type II is clear.
First moving a 1 to the left is ‘easier’ as we are moving in the direction of the infinite
sea of 0s, whereas moving a 1 to the right is ‘harder’ as we are moving in the direction
of the infinite sea of 1s. It is perhaps surprising that the excess only depends on n
and not on A\. This can however be seen as follows. Young’s lattice, formed by all
integer partitions:
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0

.
D]/\H
RN
SN I PN

can be reproduced starting from the word ...01... for 0 and then, to increase the
rank, change a single (0, 1) pair a distance 1 apart to a (1,0) pair:

N

...0101...

TN

...01101 ... ...01001...

TN TN

...o11101... ...010101... ...01000O1...

P N

Now fix n. It is clear that the word representing 0 has an excess of swaps of type
I over type II of exactly n, the former contributing n and the latter 0. One now
easily checks that every time one goes one step deeper into Young’s lattice this excess
remains the same. Indeed increasing the rank by one we only need to consider the
change in type I and type II swaps when going from

abw0lvcd — abw10ved,

where w and v are words of length n — 2 and a, b, ¢, d € {0, 1} are single letters. For
example, in the case

10w01v00 — 10w10v
we see that in the 0/1 sequence on the left we can carry out a type I swap: (0, 1) —
(1,0) — (0,1) and two type II swaps: (1,0) — (0,1) — (1,0) and (1,0) — (0,1) —
(1,0). In the word on the right we can carry out no type I swaps and one type II

swap: (1,0) — (0,1) — (1,0). By symmetry it in fact suffices to only analyse the
changes in the number of type I and type II moves in

abw01 — abwl0

for a,b € {0,1}.
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(c) More generally, consider

where z = (21, 22,...). Then

C ()0 (w) = oxp (3 naw, P (@)l (2).

n=1
To prove this, define E.(z) 1= ) ., a0, and F(z,w) := Y .| nz,wy, so that we
must show that
B (2) Bt (w) _ F(zw) Fy(w) B-(2)
(13) e e e e e :

One way to proceed is using the Baker-Campbell-Hausdorff formula but this is
overkill, and we can proceed using only elementary means. From [a,, a_.,] = 1nd, m,

E,(z E Zn Wi O Ol —m

n,m=1
= Z 2 Wiy (O 4+ N0y ) = E_(w)EL(2) + F(z,w).
n,m=1
Hence, by induction on k,
Ef(2)E_(w) = E_(w)E%(2) + kF(z,w)EX ! (2)
for arbitrary positive integer k. By another round of induction this may be lifted to
min{k,¢}

(14) Ef(2)E' (w)= ) _ @'<k) (é)Fi(z,w)Ef_i(w)Eﬁ‘i(z),

- ] 1
=0

for arbitrary positive integers k,¢. Since for £ = 0 or £ = 0 the above identity
is trivially true we may extend the range of k£ and ¢ to all nonnegative integers.
Dividing both sides of by k!¢! and then summing the resulting identity over k
and ¢ the claim follows.

(d) We choose n sufficiently large so that l(u) + 7 < n, and consider

n
ey @n) ST, .o ) = @ Zxk Z sgn(w 1_[1:A it
1y -

S wESy

Interchanging the order of the two sums and using that

> waxk— S ATl =3 3 n e

wESH wESH k=1 i=1 k=1 weSs), =1
it follows that

Pr(T1, .., n)Su(T, .o Ty) = strek(xla ey X)),
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where ¢; is the ith unit vector in Z". We now want to rectify the Schur functions
Su+4re, for all k. If the augmented kth column in the determinant is equal to the jth
column for some 1 < j < k, ie., if gy = p; — j + k — r, the Schur function simply
vanishes. For example, if p = (3,1,0,0) and r = 2 then, for k =3, u3 = p2 —2+3 -2
so that s(39.0,0)+2(0,0,1,00 = 0. Otherwise, by moving the kth column of the determinant
representing s,,4,¢, to the left we can rearrange the determinant so that it corresponds
to that of a Schur function s, indexed by a partition A. In this case there exists an ¢
with 1 < ¢ < k such that

)\:(,u1+n—1,...,;1,5_1+n—€+1,;¢k+'rz—k+r’,

{—1 terms
ug+n—€,...,uk—1—l—n—k—l—l,,ukﬂ—l—n—k—1,...,Mn).
k—¢ terms n—k:‘trerms

This implies that A\/p has no boxes in the first £ — 1 rows and last n — k rows,
fr — e — k+£€+r > 1 boxes in the ¢th row and ;1 — p; +1 > 1 boxes in each row
for £+ 1 <7 < k. Moreover, row 7 and 7 + 1 for £ < i < k — £ overlap in exactly one
column (with column coordinate j = p; + 1). Pictorially,

™ M —pe+k—L+r
Luz—uuﬁ-lj
]

[
Hk—1 L j
Mk—2*#k—1+ﬂ
<T> pg—1—pr+1

which is a borderstrip of height £ — ¢ and size r. Since we have moved the kth row
exactly k& — ¢ positions to the left,

Sputre, = (—1)]“*53/\ = (_1)height(>\/u)3)\7

and thus
n
Y Surre @)= Y (=) (4 ).
k=1 A4

A/u=Dborder strip

Comparing with it follows that a_,, act on symmetric functions by multi-
plication by p,,. Hence

I'_(2) = exp <; % a_n) = exp (; Zn—npn) = exp (¢(-)) = 0.(")

and thus
I'_(2)su[X] = 0.[X]s,[X],



27

proving (i). For (ii), since I'; (2) is the adjoint of I'_(z),

AT )
0 otherwise.

(C(2)sn, ) = (5. T=(2)s0) = D 215, 5) =

12l

Comparing this with

Wl iy <
<8)\[‘+Z]7su>:ZZ|A/V|<SV,SM>: {Z 1 ILL_<

0 otherwise,
<A

completes the proof. Finally, (iii) is just an iterated version of (ii), which says that
[i(2)sy= Zs,\/y(z)s,,

Iterating this n times, using that

> saulXsu Y] = su[X + Y,
17
yields

Fi(z1)...Ti(zn)sn = Z Suw(21, s Zn)S0

14

By taking the Hall scalar product with s, this gives
(Ti(21) - Ti(zn)Sas Su) = Sasu(z1, - -+, 20).
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